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Abstract
This paper sets forth three mismatch properties, strictly ordered in strength, about sewings of crumpled n-cubes. The strongest is
a sufficient but not a necessary condition for a sewing to yield Sn, and the weakest, a necessary but not sufficient one. We show that
when both crumpled cubes satisfies the Disjoint Disks Property, then the weakest property implies the sewing yields Sn, and we
also show that the intermediate property leads to the same conclusion when just one of the crumpled cubes possesses the Disjoint
Disks Property. In addition, we develop examples that confirm sharpness of the relevant Disjoint Disks conditions.
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1. Introduction
Let Σ be an (n − 1)-sphere (wildly) embedded in Sn and U a component of Sn Σ . Then U is a crumpled n-
cube, and Σ is its boundary, written BdU . It is called a closed n-cell complement if Sn U is an n-cell. A classical
result, proved by Lininger [17] and Hosay [15] when n = 3 and by the author [7,9] when n 4, promises that every
crumpled n-cube, n 3, admits an embedding in Sn as a closed n-cell complement. This reembedding result has the
useful effect of allowing the wildness of a codimension one embedding to be studied one side at a time, in the sense
that the object is collared on the unstudied side.
This paper treats sewings of crumpled cubes. A sewing of crumpled cubes C1 and C2 is a homeomorphism
h : BdC1 → BdC2. Associated with any such sewing h is the sewing space C1 ∪h C2—namely, the quotient space
obtained from the disjoint union of C1 and C2 after identification of each x ∈ BdC1 with h(x) ∈ BdC2. The funda-
mental issue is whether the sewing space is a manifold, in which case necessarily it is Sn; when that occurs, there
is an embedded sphere Σ in Sn bounding crumpled n-cubes homeomorphic to C1 and C2, with the attaching of the
two along the common boundary Σ governed by h. With this perspective, the analysis of those sewings that yield Sn
supports the proliferation of wildness for codimension one manifold embeddings.
For ease of comparison, we state the three mismatch properties one after another. The mismatch feature is the
same in all cases; the only differences among the properties involve the range of the approximating singular disks. It
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approximating singular disks in Sn with the crumpled cube boundaries can be minimized.
A sewing h is said to satisfy the Strong Mismatch Property (SMP) if any two singular disks μi : I 2 → Ci (i = 1,2)
can be approximated, arbitrarily closely, by singular disks μ′i : I 2 → Ci such that
μ′2
(
I 2
)∩ h(BdC1 ∩ μ′1
(
I 2
))= ∅.
In contrast, h is said to satisfy the Weak Mismatch Property (abbreviated as WMP) if any two singular disks
μi : I
2 → Ci (i = 1,2) can be approximated, arbitrarily closely, by singular disks μ′i : I 2 → Sn such that
μ′2
(
I 2
)∩ h(BdC1 ∩ μ′1
(
I 2
))= ∅.
Finally, h is said to satisfy the Intermediate Mismatch Property (IMP) if any two singular disks μ1,μ2 : I 2 → Ci
(i = 1,2) can be approximated, arbitrarily closely, by singular disks μ′i : I 2 → C1 and μ′2 : I 2 → Sn such that
μ′2
(
I 2
)∩ h(BdC1 ∩ μ′1
(
I 2
))= ∅.
Obviously, SMP implies IMP and IMP implies WMP. The IMP arises in the Ancel–Cannon proof of the Locally
Flat Approximation Theorem [2]: the failure of the identity sewing BdC∗ → BdC∗ to satisfy the IMP for certain
crumpled cubes C∗ accounts for the passage in that argument into the somewhat unfamiliar, complicated realm of
embedding relations.
For the record, a metric space X has the Disjoint Disks Property (DDP) if any pair of maps f,g : I 2 → X can be
approximated, arbitrarily closely, by maps F,G : I 2 → X with F(I 2)∩G(I 2) = ∅. A widely known consequence (cf.
[8, Prop. 24.1]), which will be freely used here, is that any two maps of 2-manifolds into a compact ANR satisfying
the DDP can be approximated by maps with disjoint images.
One might note that every crumpled cube is an ANR, since it bounded in Sn by an ANR. In fact, crumpled cubes
are absolute retracts, but no use is made of that result here.
This work is bred in the desire to identify an ideal Mismatch Property, one that is both necessary and sufficient for
a sewing to yield Sn. The SMP is sufficient but not necessary, the WMP is necessary but not sufficient, and the IMP is
neither necessary nor sufficient. Accordingly, the paper presents conditions under which the two weaker properties are
sufficient and provides examples that illustrate sharpness of those conditions. One of the two main results establishes
that, when C1 and C2 both have the DDP, then a sewing h : BdC1 → BdC2 yields Sn if and only if h satisfies the
WMP. The other posits only that C1 has the DDP and then attests that h yields Sn if it has the IMP.
The author wishes to express indebtedness to an unknown referee for careful reading and valuable suggestions.
2. Results and examples
Lemma 2.1. For any sewing h : BdC1 → BdC2 of crumpled n-cubes, there exists a cell-like mapping Sn → C1 ∪h C2.
Proof. Regard C2 as embedded in Sn so that Cl(Sn  C2) is an n-cell B [7,9,15,17]. Produce a collar Λ : ∂B ×
[0,1] → B on ∂B = BdC2, with Λ(b,0) = b for all b ∈ ∂B , set B ′ = C2 ∪ Λ(∂B × [0,1]) and note that, by the
Generalized Schönflies Theorem [4], B ′ is also an n-cell. Specify a sewing h′ : BdC1 → ∂B ′ as h′(x) = Λ(h(x),1).
Then C1 ∪h′ B ′ ∼= Sn, since C1 is a closed n-cell complement. The decomposition of Sn = C1 ∪h′ B ′ into points and
the arcs
{
Λ
(
x × [0,1])⊂ B ′ | x ∈ ∂B}
gives rise to a cell-like mapping Sn → C1 ∪h C2. 
Corollary 2.2. Any sewing h : BdC1 → BdC2 that yields an n-manifold actually yields Sn.
Proof. See Edwards [14] for n > 4, Quinn [18] for n = 4, or Armentrout [1] for n = 3. 
Lemma 2.3. Let C be a crumpled n-cube in Sn, n  5. Then any two maps f :Mf → C, g|Mg → C defined on
compact 2-manifolds with boundary Mf ,Mg can be approximated by maps f ′ :Mf → C,g′ :Mg → C for which
there exist open sets Uf ⊂ Mf and Ug ⊂ Mg such that f ′(Mf Uf )∩g′(MgUg) = ∅ and f ′(Uf )∪g′(Ug) ⊂ BdC.
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neighborhood W of C on which is defined a retraction R :W → C with R(W C) ⊂ BdC and with R moving points
very little. Set f ′ = Rfˆ , g′ = Rgˆ, Uf = fˆ −1(W C) and Ug = gˆ−1(W C). 
Theorem 2.4. Let C1 and C2 denote crumpled n-cubes and h : BdC1 → BdC2 a sewing satisfying the Strong Mis-
match Property. Then C1 ∪h C2 ∼= Sn.
Eaton [12], who did this for n = 3, deserves credit for the crucial technique; he also showed that in this 3-
dimensional setting the SMP is both necessary and sufficient for a sewing to yield S3 [13]. The n  5 situation
was treated in [10] and, more generally, the n 4 cases were covered in [5].
Example 2.2 later on indicates that the SMP is not a necessary condition for a sewing to yield Sn.
Next we turn to the WMP. Occasionally it is advantageous to work with an equivalent property, in which the
approximating singular disks, like the originals, are subsets of the crumpled cubes Ci .
Lemma 2.5. Let h : BdC1 → BdC2 be a sewing of closed n-cell complements. Then h satisfies the Weak Mismatch
Property if and only if, every pair of singular disks νi : I 2 → Ci (i = 1,2) can be approximated, arbitrarily closely,
by singular disks ν′i : I 2 → Ci such that Int I 2 contains open subsets U1,U2 with ν′i (Ui) ⊂ BdCi and ν′2(I 2 U2) ∩
h(BdC1 ∩ ν′1(I 2 U1)) = ∅.
Proof. When h satisfies the WMP, approximate given singular disks νi : I 2 → Ci by new singular disks νˆi : I 2 → Sn
such that νˆi (∂I 2) ⊂ Ci and νˆ2(I 2) ∩ h(BdC1 ∩ νˆ1(I 2)) = ∅. Set Ui = νˆ−1i (Sn Ci). As in the proof of Lemma 2.3,
assume νˆi (I
2) lives in a small enough neighborhood Wi of Ci that there exists a retraction Ri :Wi → Ci with Ri(Wi
Ci) ⊂ BdCi and with Ri moving points very little. Define ν′i as Riνˆi (i = 1,2).
For the other direction, approximate singular disks νi : I 2 → Ci (i = 1,2) by νˆi : I 2 → Ci for which there are open
subsets U1,U2 of I 2 with νˆi (Ui) ⊂ BdCi and
νˆ2
(
I 2 U2
)∩ h(BdC1 ∩ νˆ1
(
I 2 U1
))= ∅.
Use the hypothesis that each Ci is a closed n-cell complement to adjust each νˆi slightly to new a map ν′i : I 2 → Sn
such that ν′i (Ui) ⊂ Sn Ci and ν′i |I 2 Ui = νˆi |I 2 Ui . Consequently,
ν′2
(
I 2
)∩ h(BdC1 ∩ ν′1
(
I 2
))⊂ νˆ2
(
I 2 U2
)∩ h(BdC1 ∩ νˆ1
(
I 2 U1
))= ∅. 
Proposition 2.6. Let h : BdC1 → BdC2 be a sewing of closed n-cell complements C1 and C2, n 4. Then a necessary
condition for C1 ∪h C2 to be homeomorphic to Sn is that h satisfy the Weak Mismatch Property.
Proof. Since C1 ∪h C2 ∼= Sn, there exist embeddings λi :Ci → Sn (i = 1,2) such that
λ1(C1) ∩ λ2(C2) = λ1(BdC1) = λ2(BdC2)
and λ1|BdC1 = λ2h|BdC1.
Consider singular disks μi : I 2 → Ci and fix  > 0. As in the preceding lemma, for each η > 0 there exist
a neighborhood Wi of λi(BdC1) = λ2(BdC2) and retractions Ri :λi(Ci) ∪ Wi → Ci (i = 1,2) that move points
less than η and that send Wi  Ci to λi(BdCi). With an appropriate choice of η, one can find approximations
fi : I
2 → λi(Ci) ∪ Wi of λiμi (i = 1,2) such that f1(I 2), f2(I 2) are disjoint, fi(∂I 2) ⊂ Ci and μ′i = λ−1i Rifi is
-close to μi . Set Ui = f −1i (Wi Ci). Note that
λ2
[
μ′2
(
I 2 U2
)∩ h(BdC1 ∩ μ′1
(
I 2 U1
))]⊂ λ2
(
μ′2
(
I 2
)∩ BdC2
)∩ λ2h
(
BdC1 ∩ μ′1
(
I 2
))
⊂ λ2
(
μ′2
(
I 2
)∩ BdC2
)∩ λ1
(
BdC1 ∩ μ′1
(
I 2
))⊂ f1
(
I 2
)∩ f2
(
I 2
)= ∅.
Hence, μ′2(I 2 U2) ∩ h(BdC1 ∩ μ′1(I 2 U1)) = ∅. Lemma 2.5 assures that h satisfies the WMP. 
Theorem 2.7. Let C1 and C2 denote closed n-cell complements in Sn satisfying the Disjoint Disks Property and let
h : BdC1 → BdC2 be a sewing. Then C1 ∪h C2 ∼= Sn if and only if h satisfies the Weak Mismatch Property.
108 R.J. Daverman / Topology and its Applications 155 (2007) 105–111Proof. Proposition 2.6 establishes that the WMP is necessary for C1 ∪h C2 to be Sn.
For sufficiency, consider a sewing h : BdC1 → BdC2 of closed n-cell complements satisfying the DDP. In view
of Lemma 2.1, this will follow from Edwards’ Cell-Like Approximation Theorem [14,8], once we establish that
X = C1 ∪hC2 has the DDP. Identify C1,C2 with their images in X and set Σ = BdC1 = BdC2 ⊂ X. Let f,g : I 2 → X
be singular disks. We focus on the prototype setting where I 2 is the union of subdisks I 2+, I 2− that intersect in an arc
α, and where f (I 2+) ∪ g(I 2+) ⊂ C1, f (I 2−) ∪ g(I 2−) ⊂ C2, and
f (α) ∩ g(I 2)= f (I 2)∩ g(α) = ∅.
The latter is possible because BdCi contains many twice tame arcs [19] (an arc in BdCi is twice tame provided it is
tame relative both to BdCi and to Sn), Since C1 and C2 have the Disjoint Disks Property, we can also assume that
f
(
I 2+
)∩ g(I 2+
)= ∅ = f (I 2−
)∩ g(I 2−
)
.
Now in view of the WMP and Lemma 2.5, f,g can be approximated by maps f ′, g′ such that there exist open subsets
Uf ,Ug of I 2  α such that
f ′
(
I 2+
)∪ g′(I 2+
)⊂ C1 and f ′
(
I 2−
)∪ g′(I 2−
)⊂ C2,
f ′
(
I 2+
)∩ g′(I 2+
)= ∅ = f ′(I 2−
)∩ g′(I 2−
)
,
f ′
(
I 2 Uf
)∩ g′(I 2 Ug
)= ∅ and
f ′(Uf ) ∪ g′(Ug) ⊂ Σ.
For simplicity, we assume n 6, so that we can perform a further general position adjustment on f ′|Uf and g′|Ug in
Σ and can require, in addition, that
f ′(Uf ) ∩ g′(Ug) = ∅.
The only remaining problem is that either f ′(I 2Uf )∩ g′(Ug) or f ′(Uf )∩ g′(I 2Ug) might be nonempty; this
can only happen for images of the + side of one with the − side of the other—for example, with strict control on the
motion allowed in the approximation, f ′(I 2+Uf )∩ g′(I 2+ ∩Ug) must still be empty but f ′(I 2+Uf )∩ g′(I 2− ∩Ug)
can be nonempty. Find open sets Vf ⊂ V f ⊂ Uf and Vg ⊂ V g ⊂ Vg such that f ′(I 2Vf )∩g′(I 2Vg) = ∅. A final
application of the Disjoint Disks Property in C1 and C2 provides approximations f ′′, g′′ to f ′, g′ such that
f ′′
(
I 2+  Vf
)∪ g′′(I 2+  Vg
)⊂ C1 and f ′′
(
I 2−  Vf
)∪ g′′(I 2−  Vg
)⊂ C2,
f ′′
(
I 2− ∩ Vf
)∪ g′′(I 2− ∩ Vg
)⊂ C1 and f ′′
(
I 2+ ∩ Vf
)∪ g′′(I 2+ ∩ Vg
)⊂ C2,
f ′′(Vf ) ∩ g′′
(
I 2
)= ∅ = g′′(Vg) ∩ f ′′
(
I 2
)
.
For the final conditions, keep in mind that the disjointness of f ′(I 2+) and g′(I 2+) is preserved by the approximations;
f ′(I 2+) can meet g′(I 2−) in f ′(Uf ∩ I 2+) ∩ g′(I 2−) but the second application of the Disjoint Disks Property in C2
removes such intersections. Similarly, intersections of f ′(Uf ∩ I 2−) with g(I 2+) are removed by the application of
Disjoint Disks Property in C1. As a result, f ′′(I 2) ∩ g′′(I 2) = ∅, as required. 
Theorem 2.7 is an improvement of a result in [10].
The next example assures that the hypothesis about C1,C2 satisfying the DDP in Theorem 2.7 is a necessary one.
Example 2.1. A sewing of a closed n-cell complement to itself that satisfies the Weak Mismatch Property but does
not yield Sn.
It is the Identity sewing Id : BdC∗ → BdC∗ on any closed n-cell complement C∗ that does not satisfy the Disjoint
Disks Property. The crumpled cube C4 of Example 2.3, described later, is an appropriate example. The Identity sewing
on a closed n-cell complement (n 4) invariably satisfies the Weak Mismatch Property.
Finally, we study the IMP. An argument like that of Lemma 2.5 gives:
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if every pair of singular disks νi : I 2 → Ci (i = 1,2) can be approximated, arbitrarily closely, by singular disks
ν′i : I 2 → Ci such that there is an open subset U of I 2 with ν′2(U) ⊂ BdC2 and ν′2(I 2 U)∩ h(BdC1 ∩ ν′1(I 2)) = ∅.
Moreover, if O is an open subset of I 2 such that ν2(O) ⊂ BdC2 and A is a compact subset of O , then the output can
be obtained with ν′2|A = ν2|A.
Lemma 2.9. Let C1 and C2 denote closed n-cell complements in Sn, with C1 satisfying the Disjoint Disks Property,
h : BdC1 → BdC2 a sewing with the IMP, and μ : I 2 → C2 a singular disk. Then for each  > 0 there exist a singular
disk μ′ : I 2 → C2 and an open subset V of I 2 such that ρ(μ′,μ) < , μ′(V ) ⊂ BdC2 and h−1(BdC2 ∩ μ′(I 2  V ))
is 1-LCC in C1.
Proof. Specify a countable collection of singular disks αi : I 2 → C1 which is dense in the space C(I 2,C1) of all
maps I 2 → C1. Given any map ν : I 2 → C2 and any i > 0, the combination of IMP and Lemma 2.8 promises an
approximation βi to αi , an approximation ν′ of ν and an open subset V ′i of I 2 such that ν′(V ′i ) ⊂ BdC2 and h(BdC1 ∩
βi(I
2)) ∩ μ′(I 2  V ′i ) = ∅. One can then choose a large open subset Vi of V ′i such that V i ⊂ V ′i and
h
(
BdC1 ∩ βi
(
I 2
))∩ μ′(I 2  V i
)= ∅.
Set μ0 = μ and V0 = ∅. Exploiting this procedure, for i = 1,2, . . . one can produce approximations μi : I 2 → C2 to
μi−1, open subsets Vi of I 2 and approximations βi of αi such that the collection {βi}, like {αi}, is dense in C(I 2,C1),
V i−1 ⊂ Vi , μi(Vi) ⊂ BdC2, μi |V i−1 = μi−1|V i−1, and
h
(
BdC1 ∩ βj
(
I 2
))∩ μi
(
I 2  V i
)= ∅ for 1 j  i.
Let V = ⋃i Vi . Controls can be imposed so that the sequence {μi} converges to a map μ′ : I 2 → C2 such that
h−1(BdC2 ∩ μ′(I 2  V )) misses each βj (I 2), assuring that it is 1-LCC in C1. 
Theorem 2.10. Let C1 and C2 denote closed n-cell complements in Sn, where C1 satisfies the Disjoint Disks Property,
and let h : BdC1 → BdC2 be a sewing satisfying the Intermediate Mismatch Property. Then C1 ∪h C2 ∼= Sn.
Proof. We reemploy the approach and notation of Theorem 2.7, seeking to prove that X = C1 ∪h C2 has the DDP. We
consider singular disks f,g : I 2 → X, where the domain of the first is expressed as a union of compact 2-manifolds
with boundary F1,F2 such that F1 ∩ F2 = ∂F1 = ∂F2 and f (Fi) ⊂ Ci and similarly, that of the second as I 2 =
G1 ∪G2 such that G1 ∩G2 = ∂G1 = ∂G2 and g(Gi) ⊂ Ci (i = 1,2). We can require that f (∂F1 = ∂F2) and g(∂G1 =
∂G2) are disjoint subsets of BdC1 = BdC2 ⊂ X which are multiply tame (in Sn BdC1 and BdC2 [19]) and, hence,
1-LCC in both crumpled cubes. Consequently, we can approximate the given maps so that
f (∂F1) ∩ g
(
I 2
)= f (I 2)∩ g(∂G1) = ∅.
Since C1 has the DDP, we can also assume that
f (F1) ∩ g(G1) = ∅.
Now, using Lemma 2.3 and general position in Σ , we approximate f,g by maps f ′, g′ for which there exist open
subsets Uf ,Ug of IntF2, IntG2, respectively, such that
f ′(F1) ∪ g′(G1) ⊂ C1 and f ′(F2) ∪ g′(G2) ⊂ C2,
f ′(Uf ) ∪ g′(Ug) ⊂ Σ and f ′(Uf ) ∩ g′(Ug) = ∅,
f ′(F2 Uf ) ∩ g′(G2 Ug) = ∅.
Invoking Lemma 2.9, one can further approximate f ′, g′ by maps f ′′, g′′ and produce new open sets Vf ,Vg in
F2,G2, respectively, such that
f ′′(F1) ∪ g′′(G1) ⊂ C1 and f ′′(F2) ∪ g′′(G2) ⊂ C2,
f ′′(Vf ) ∪ g′′(Vg) ⊂ Σ and f ′′(Vf ) ∩ g′′(Vg) = ∅,
f ′′(F2  Vf ) ∩ g′′(G2  Vg) = ∅, and
both f ′′(F2  Vf ) ∩ Σ and g′′(G2  Vg) ∩ Σ are 1-LCC in C1.
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g′′|G2, satisfying analogs of three preceding conditions as well as
f ′′′
(
I 2  Vf
)∩ g′′′(I 2  Vg
)= ∅.
The only remaining issue is the possibility that f ′′′(I 2  Vf ) ∩ g′′′(Ug) or f ′′′(Uf ) ∩ g′′′(I 2  VG) might be
nonempty. As Zf = f ′′′(F2Vf )∩Σ is 1-LCC in C1, g′′′ can be modified, fixing I 2Vg , so that g′′′(Vg) ⊂ C1Zf ;
likewise, f ′′′ can be modified fixing I 2  Vf so f ′′′(Vf ) ⊂ C1  Zg , where Zg = g′′′(G2  Vg) ∩ Σ . These two
adjustments should be made subject to controls causing the images of Vf and Vg to remain disjoint. Final applications
of the DDP in C1, first with the pairs f ′′′|F1 and g′′′|Vg , then with f ′′′|Vf and g′′′|G1, give approximations f ′′′′, g′′′′
for which
f ′′′′
(
I 2  Vf
)∩ g′′′′(Vg) = ∅ = f ′′′′(Vf ) ∩ g′′′
(
I 2  Vg
)
.
With care to preserve previously established disjointness of the relevant pieces, the new singular disk images will be
disjoint. 
Neither the IMP nor the SMP is a necessary condition for a sewing to yield Sn.
Example 2.2. A sewing h : BdC1 → BdC2 of crumpled n-cubes, with C1 satisfying the Disjoint Disks Property,
that yields Sn but does not satisfy the Intermediate Mismatch Property. (Obviously h also fails to satisfy the Strong
Mismatch Property.)
For this apply [6] to obtain Cantor sets Xn−1,Xn in Sn−1, Sn, respectively, having compatible special defining
sequences. There will be loops Ln−1 ⊂ Sn−1  Xn−1 and Ln ⊂ Sn  Xn such that every singular disk in Sn−1
bounded by Ln−1 contains an admissible subset of Xn−1 and, similarly, every singular disk in Sn bounded by Ln
contains an admissible subset of Xn. There is an embedded (n − 1)-cell βn−1 ⊂ Sn−1  Ln−1 containing Xn−1 as
a standardly embedded subset of its boundary. Let C′ denote Sn−1  Intβn−1, and note that Ln−1 ⊂ IntC′. Inflate
C′ to a crumpled n-cube C1—the insistence that Xn−1 be standardly embedded in ∂βn−1 = BdC′ assures that C1 is
indeed a crumpled n-cube (in effect, it assures that BdC1 is an (n − 1)-sphere). Now there exists an (n − 1)-sphere
Σ ⊂ Sn  IntC1 such that Σ ∩ BdC1 = Xn−1, Xn−1 is standardly embedded in Σ and Σ is locally flat modulo
Xn−1. That means that Σ is locally flat modulo a twice tame Cantor set. Hence, by work of Kirby [16] Σ is flat, so
Σ bounds an n-cell B ⊃ C1. By classical techniques there exists an embedding e :B → Sn Ln sending the Cantor
set Xn−1 ⊂ ∂B = Σ , which is tame in ∂B , onto Xn; in addition, e(∂B Xn−1) is locally flat. Tameness of Xn−1 in
∂B implies we can extend any homeomorphism of Xn−1 to itself to a homeomorphism of B to itself. It follows that
any homeomorphism of Xn−1 to Xn can be extended to a homeomorphism of B to e(B). Mixing Lemma 3.1 of [6]
promises the existence of a homeomorphism τ :Xn−1 → Xn mixing the admissible subsets of these two Cantor sets
(which is to say, τ(A)∩A′ = ∅ for every admissible subset A of Xn−1 and every admissible subset A′ of Xn). We can
require e|Xn−1 = τ . Set C2 = Sn  e(IntC1).
Define a sewing h : BdC1 → BdC2 as h(x) = e(x) for x ∈ BdC1. Clearly h yields Sn. It does not satisfy the IMP
since each contraction of Ln−1 in C1 contains an admissible subset of Xn−1, each contraction of Ln in Sn contains an
admissible subset of Xn, and h|Xn−1 = e|Xn−1 = τ mixes admissible subsets.
The final example exploits the asymmetry of the IMP to show that the DDP condition of Theorem 2.10 is sharp.
Example 2.3. A sewing θ : BdC4 → BdC1 that satisfies the Intermediate Mismatch Property but does not yield Sn.
Returning to the constructions of Example 2.2 and using the same methods, one can find an embedded (n − 1)-
sphere Σ∗ ⊂ C1 such that Σ∗ ∩ BdC1 = Xn−1, Xn−1 is standardly embedded in Σ∗ and Σ∗ is locally flat modulo
Xn−1. As before, Σ∗ is flat, and it bounds an n-cell B∗ ⊃ BdC1. Let C3 denote Sn e(IntB) in Example 2.2 (it could
be noted that C3 ⊂ C2). Since C3 is a closed n-cell complement, by construction, there exists a homeomorphism
H :B∗ → B such that H(Xn−1) = Xn ⊂ BdC3 and H mixes the admissible subsets of Xn−1 and Xn. Set
C4 = C3 ∪ H(B∗ ∩ C1).
The sewing θ : BdC4 → BdC1 is defined as θ = (H |BdC1)−1.
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F : I 2 → C4 with F(I 2) ∩ BdC4 ⊂ Xn, whereas, due to Xn−1 being flat in Sn, any singular disk g : I 2 → C1 can be
approximated by a singular disk G : I 2 → Sn such that G(I 2) ∩ BdC1 ⊂ BdC1 Xn−1, and mismatch must occur,
since θ(Xn) = H(Xn) = Xn−1.
The sewing space C4 ∪θ C1 is like the double of C1 in some ways, and enough unlike it in another way that the
sewing does not give Sn. Regard C4 as obtained from C1 by cutting out the n-cell Sn  IntB∗ ⊂ C1 and replacing
it with C3. Hence, there exist an obvious copy of C1 in X = C4 ∪θ C1 and a retraction r :X → C1 that is 1–1 over
BdC1: r sends H(B∗ ∩ C1) ⊂ C4 to B∗ ∩ C1 via the restriction of H−1, and then extends over C3, via a strong
form of the Tietze Extension Theorem, to send IntC3 ⊂ C4 to Sn  B∗ ⊂ C1—here it is crucial that Sn  IntB∗
is an n-cell (Σ∗ = ∂B∗ is flat). Consider singular disks f4 : I 2 → C4 and f1 : I 2 → C1 bounded by special loops
“linking” the Cantor sets Xn and Xn−1. If X were the n-sphere, f4, f1 could be approximated by singular disks
g4, g1 : I 2 → X ∼= Sn with disjoint images. But rg1(I 2) ⊂ C1, so it would have to contain an admissible subset of
Xn−1, and rg1(I 2)∩Xn−1 = g1(I 2)∩Xn−1, because r is 1–1 over BdC1; likewise, g4(I 2) would have to contain an
admissible subset of Xn. The mixing feature of θ would assure that g4(I 2) ∩ g1(I 2) = ∅, a contradiction.
Since BdC1 is locally flat modulo the Cantor set Xn−1 that is flat in Sn, it can be readily seen that C1 has the
Disjoint Disks Property; C4 cannot have it, of course, for otherwise Theorem 2.7 would imply C4 ∪θ C1 ∼= Sn.
It should be noted that θ−1 : BdC1 → BdC4 does not satisfy the IMP.
A central question remains open: given crumpled n-cubes C1 and C2, does there exist a sewing h : BdC1 → BdC2
such that C1 ∪h C2 ∼= Sn? The answer is strongly affirmative in case n = 3 [11] or n = 4 [3]—the set of sewings that
yield Sn is dense in the space of all sewings BdC1 → BdC2—but is unknown for arbitrary pairs C1,C2 when n > 4.
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